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» A graph G =(V,E) is a set of vertices V' and edges E.
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» Here it is again!




Definitions

» Of course, there are other kinds of graphs.
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Definitions

» A graph G = (V,E) is a set of vertices V and edges E.
» Important graph definitions are:
» Vertices x and y are adjacent if there is an edge from x to y.
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» A graph G = (V,E) is a set of vertices V and edges E.

» Important graph definitions are:
» Vertices x and y are adjacent if there is an edge from x to y.

» |If x is adjacent to y then x is a neighbor of y.
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» A graph G = (V,E) is a set of vertices V and edges E.

» Important graph definitions are:
» Vertices x and y are adjacent if there is an edge from x to y.

» |If x is adjacent to y then x is a neighbor of y.

» The degree of x is the number of neighbors of x. It is denoted

5(x).

» The maximum degree of a graph G is the degree of the vertex
with the most neighbors. It is denoted A.

» Two edges e and f are adjacent if both e and f are incident to
the same vertex x.

» Two edges e and f are pseudo-adjacent if they are both
adjacent to the same edge.
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Strong Edge Coloring

» An edge coloring of a graph G is a coloring of the edges of G
so that no two adjacent edges have the same color.
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Strong Edge Coloring

» An edge coloring of a graph G is a coloring of the edges of G
so that no two adjacent edges have the same color.

> A strong edge coloring of a graph G is a coloring of the edges
of G so that no pseudo-adjacent edges have the same color.

» The strong chromatic index x.(G) is the minimum number of
colors needed for a strong edge coloring of G.
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Strong Edge Coloring

» An edge coloring of a graph G is a coloring of the edges of G
so that no two adjacent edges have the same color.

> A strong edge coloring of a graph G is a coloring of the edges
of G so that no pseudo-adjacent edges have the same color.

» The strong chromatic index x.(G) is the minimum number of
colors needed for a strong edge coloring of G.

» This notion was introduced by Fouquet and Jolivet (1983).
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The Erdos-Nesetfil Conjecture

» The greedy algorithm gives an upper bound 2A(A — 1) + 1.
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The Erdos-Nesetfil Conjecture

Proof.

» Suppose we fix a maximum degree A for a graph G. Pick
some edge e in the graph G.

» So, the graph has 2((A —1)(A—-1)+ A —-1)+1
= 2A(A — 1) + 1 total colors.
L]
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» For A = 2, the bound is 5 colors, and Cs needs 5 colors.
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The Erdos-Nesetfil Conjecture

» The greedy algorithm gives an upper bound 2A(A — 1) + 1.

» For A = 2, the bound is 5 colors, and Cs needs 5 colors.

» For arbitrary A, the strong chromatic index has a lower bound
given by the Cs blow-up construction, in which every edge
needs a distinct color.
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The Erdos-Nesetfil Conjecture

» The greedy algorithm gives an upper bound 2A(A — 1) + 1.
» For A = 2, the bound is 5 colors, and Cs needs 5 colors.

» For arbitrary A, the strong chromatic index has a lower bound
given by the Cgs blow-up construction, in which every edge
needs a distinct color.

» Conjecture: (Erd3s and Nesetfil, 1985) If G is a simple graph
with maximum degree A, then the Cs blow-up has the largest
strong chromatic index.
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The Erdos-Nesetfil Conjecture

» Most research on strong edge coloring is dedicated to verifying
whether or not this conjecture holds.
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The Erdos-Nesetfil Conjecture

» Most research on strong edge coloring is dedicated to verifying
whether or not this conjecture holds.

» There are some advancements, but in general the problem is
very hard.
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The Erdos-Nesetfil Conjecture

» Most research on strong edge coloring is dedicated to verifying
whether or not this conjecture holds.

» There are some advancements, but in general the problem is
very hard.

» Therefore, we restrict to considering specific families of
graphs, such as planar graphs.
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Planar Graphs

> A plane graph is a graph which is embedded into a plane
without any edge intersections.
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Planar Graphs

> A plane graph is a graph which is embedded into a plane
without any edge intersections.

» Not all graphs can be embedded into a plane.
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Planar Graphs

P> A plane graph is a graph which is embedded into a plane
without any edge intersections.

> Not all graphs can be embedded into a plane.
An example of this is the graph known as Ks.
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Planar Graphs

> A plane graph is a graph which is embedded into a plane
without any edge intersections.

» Not all graphs can be embedded into a plane.

» Graphs that can be embedded into the plane are known as
planar.
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Planar Graphs

> A plane graph is a graph which is embedded into a plane
without any edge intersections.

» Not all graphs can be embedded into a plane.

» Graphs that can be embedded into the plane are known as
planar.

» The embedding of a planar graph into the plane is called its
plane presentation.
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Strong Edge Coloring of A =5 Planar Graphs

» For A = 3, Kostochka, Li, Ruksasakchai, Santana, Wang, and
Yu have shown y%(G) < 9.

Seth Nelson Strong Edge Coloring of Maximum Degree 5 Planar Graphs



Strong Edge Coloring of A =5 Planar Graphs

» For A = 3, Kostochka, Li, Ruksasakchai, Santana, Wang, and
Yu have shown y%(G) < 9.

» For A =4, Wang, Shiu, Wang, and Chen showed that
Xs(G) <19,
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» Qur best known construction for A = 4 requires 13 colors,
and these graphs satisfy an alternating condition on the
degrees of their vertices.
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Strong Edge Coloring of A =5 Planar Graphs

» For A = 3, Kostochka, Li, Ruksasakchai, Santana, Wang, and
Yu have shown y%(G) < 9.

» For A =4, Wang, Shiu, Wang, and Chen showed that
Xs(G) <19,

» Qur best known construction for A = 4 requires 13 colors,
and these graphs satisfy an alternating condition on the
degrees of their vertices.

» For A =5, no good characterization is known.

» Theorem (Nelson and Yu): Let G be a planar graph with a
maximum degree of 5. Suppose that for any two vertices v, w
if v and w are adjacent, then 6(v) + d(w) < 8. Then, G has
a coloring in 20 colors.

Seth Nelson Strong Edge Coloring of Maximum Degree 5 Planar Graphs



Sketch of Proof Method

> A face of a plane graph is a region in Euclidean space which is
bounded by edges and vertices.
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Sketch of Proof Method

> A face of a plane graph is a region in Euclidean space which is
bounded by edges and vertices.

» Every plane presentation of a plane graph has the same
number of faces.
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Sketch of Proof Method

> A face of a plane graph is a region in Euclidean space which is
bounded by edges and vertices.

» Every plane presentation of a plane graph has the same
number of faces.

» Theorem (Euler): If G is a plane graph with v vertices, e
edges, and f faces, then v — e+ f =2.
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Discharging Technique on Planar Graphs

» Suppose we want to show that for A = 4, any planar graph G
can be colored in at most 20 colors.
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can be colored in at most 20 colors.
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graph with a strong edge coloring in k > 20 colors.
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Discharging Technique on Planar Graphs

» Suppose we want to show that for A = 4, any planar graph G
can be colored in at most 20 colors.

> Let G be a planar graph and assume it is the smallest planar
graph with a strong edge coloring in k > 20 colors.

» Pick an induced subgraph H of G. By minimality, G — H has
a coloring. Then, extend the coloring of G — H to H in G.
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Discharging Technique on Planar Graphs

» Suppose we want to show that for A = 4, any planar graph G
can be colored in at most 20 colors.

> Let G be a planar graph and assume it is the smallest planar
graph with a strong edge coloring in k > 20 colors.

» Pick an induced subgraph H of G. By minimality, G — H has
a coloring. Then, extend the coloring of G — H to H in G.

> If we do this for enough subgraphs H, we can show that if G
is planar it violates Euler's Polyhedral Formula v — e 4 f = 2.
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Future Questions

» What bound can we obtain more generally in the A =5 case?
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Future Questions

» What bound can we obtain more generally in the A =5 case?

» What lower bound can we obtain for A = 57
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Thank you!
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